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Abstract. An upper bound of blow up rate for impressible Navier-Stokes 
equations with small data in L'^{M.^) is obtained. 



1. Introduction 

We consider the blow up rate of weak solutions to impressible Navier-Stokes 
equations 

{dtu- Au + u-Vu + Vp = 0, in x (0, T) 
divu = 0, in x (0, T) 
u{x, 0) = uo(x), in 

where u and p denote the unknown velocity and pressure of incompressible fluid 
respectively. 

In this paper, we shall estimate the upper bound of blow up rate for the Navier- 
Stokes equations. 

Theorem 1.1. There is 5 > Q such that if ||mo||l2(ir3) < 5, and if u is a Leray- 
Hopf solution to the problem U.l\) and blows up at t = T , then for any small 
e > 0, there is to £ (0, T), such that 

(1.2) \\u{t)\\L^m < ^T-ty/^ ' ^'''"'^^ teito,T). 

Here u : {x, t) e x (0, T) is called a weak solution of (11.11) if it is a 

Leray-Hopf solution. Precisely, it satisfies 

(1) u e L°^{0,T; L\R^)) n L'^{0,T; H\R^)), 

(2) divii = in R^x(0,T), 

(3) / / {-u- dt(j) + Vu-V(p+ (u-Vu) ■ (f)}dxdt = 

Jo ilR3 

for all (/) e C^(R^ x (0,T)) with div0 = in x (0,r). 

Combining Theorem 1.1 with my former result in [31], we have 
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Corollary 1.2. There is 6 > such that if \\uq\\l2(j^s^ < 6, and if u is a Leray- 
Hopf solution of the Navier-Stokes equations U.l\) . then u is regular in M? x 
(0,oo). 

Because (11.11) is invariant under a group action, if {u{x, t), p{x, t)) is a solution, 
the same is true for 

Ux{x,t) := Xu(\x, X^t), px{x,t) := A^p(Ax, A^t) 

for all A G (0,oo). So for any uq G L^(M^), there is A G (0,oo) such that the 
L^(M'^) norm of AMo(Aa:) satisfies the condition of Corollary II. 2[ Then we have 

Corollary 1.3. For all Uq G L^(]R'^), if u is a Leray-Hopf solution of the Navier- 
Stokes equations U.l\) . then u is regular in x (0, oo). Moreover, u is the unique 
solution of the Navier-Stokes equations ( fi.il) . 

Since Leray(1934)[T9] and Hopf(1951)[T5] obtained the global existence of weak 
solutions, it has been a fundamental open problem to prove the uniqueness and 
regularity of weak solutions to the Navier-Stokes equations. 



2. Energy estimates 

As in [T] [S] where Giga and Kohn introduced similar transformations for the 
blow-up problem of semi-linear heat equations, we apply 

(2.1) y = -^-l^x, r = -ln(T-t), w{y,r) = {T - tf/Mx,t), 

to (11.11) and consider the following new problem 
(2.2) 



drW = AyW ■ VyW w — w ■ WyW — "^yq, G M , r > — In T 

divy w(2/, r) = 0, in R3x(-lnr,oo) 
w{y,-\nT) = T^/^UQ{T^''^y), in 
where 

9(1/,^) = {T -t)p{x,t). 
Without loss generality, in this section we take T = 1. Multiplying the first 
one of (12.21) by w and integrating it over R'^, by using the second equation of (12. 2p 
we have 

1 

(2.3) 2 



dr\w{y,T)\^dy= I \Vyw{y,T)\^ --\w{y,r)\^dy 

div {y\w{y,T)\^)dy. 



Noting that 



(2.4) diY {y\w{y,r)\^)dy= \im \y\\w{y,T)\''da{y) > Q 
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we obtain 

Lemma 2.1. For any t > 0, we have 

(2.5) l^\Mr)\\hm ^ i-m^yHr)\\hm " Jll«^WIIi^(M3)}- 
Furthermore, we take differential in the equations of fl2.2p and obtain 

(2.6) ^ ^ 2^ ^ ^ 

— {djW ■ V)w — {w ■ \/)djW — Vydjq. 

By the same strategy as in the proof of Lemma 12. H from (12.61) as well as the 
equation 

1 3 
dr/^w = A'^w - -{y ■ V)Aw - -Aw - A{{w ■ V)w) - VAg 

by taking twice differential in (12. 2p . we have 
Lemma 2.2. For all r > 



[2.7) 



/ \yw{y,T)\^dy<-2 ! \S/^w{y,r)\^dy-\ f \Ww{y,T)\^dy 

3 

~^ / djWk{y,T)djWi{y,T)diWk{y,T)dy 



and 



:2.8) 



d_ 

dr 



\Aw{y,T)\^dy<-2 I \VAw{y,T)\^dy ~ ^ [ \Aw{y,T)\''dy 
-2 [ {Aw{y, r)) ■ A{{w{y, r) ■ V)w{y, r))dy. 



Remark 2.3. (1) For any ti > 0, there is to G (0,ti) such that u{-,to) e //^(M^). 
With the initial data u{x,to), the Leray-Hopf solution u{x,t) is regular at least 
in a short time interval after to (see [in|[21])- We are discussing the blow-up 
problem for these short time regular solutions. 

(2) As a blow-up argument, we assume that u{x,t) is bounded for t < T 
and blows up at t = T. As a direct corollary, we can prove that ||u(t)||iy3(K3) 
and dt\\u{t)\\Hr^{R3) (m = 0,1,2), as well as ||9tu(f)||L2(]R3), \\dtVxu{t)\\L2(M.3) are 
bounded fort < T. So we have the same results for ||t(;(r)||/^3(K3) and (?T-||t(;(r) ||//m(]g3) 
(m = 0, 1, 2) for r < cxd, as well as the similar results for q by the boundedness 
of Riesz transformation. 

(3) Since u{x,t), dtu{x,t) e L'^{R^) for t < T, 

\dhu{x, h)\\u{x, h)\dxdh < oo, 
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we can use Fubini theorem to obtain 

d f d f 

= — / / dh\u{x,h)\^dhdx = — / \u{x,t)\'^dx. 
dt Ju3 Jo dt Jr3 

Noting that 

3 X X X 1 

dtu{x,t) = {T-tyHdrw{ _ ^^^^^ , r) + ^^y _ ^y/^ -Vywi _ ^^^1^ , t)+-w{ — 
where r = (— ) ln(T — t), from 

(2.10) / \dMx,t)fdx=iT-t)-l [ \dMy,r) + ^-Vywiy,T) + lwiy,T)\^dy 
and 

(2.11) \ \u{x,t)\'dx = {T-tY/' [ \w{y,r)\'dy 
we have for t < T 

(2.12) / \drw{y,T) + ^-Vyw{y,T)\^dy<oc. 

Moreover, from 02.91) . we get 
(2.13) 

{T-t)-Hdr[ \w{y,T)\'dy-l [ \w{y,T)\'dy} 
= — {(T — t)2 / \w{y,T)\'^dy} = — / \u{x,t)\'^dx = 2 / dtu{x,t) ■ u{x,t)dx 

dt Jj^3 dt J^3 J]R3 

= (T-t)~5 / {2drw{y,T)-w{y,T) + {y-Vyw{y,T))-w{y,T) + \w{y,T)\^dy. 

JR? 

By using (2.13), from (2.3) we get (2.5) again. 

(4) From Leray's theorem (see V. Scheffer, Pacific J. Math. VoL 66, No. 2, pp 
535-552(1976)), there is a disjoint open interval sequence {Jq}q in (0, cx)) such 
that the Lebesgue measure of (0, oo) \ UqJq is zero, and the Leray-Hopf solution u 
can be modified on a set of Lebesgue measure zero so that its restriction to each 
M'^ X Jq becomes smooth. The first blow-up time T assumed in this paper may be 
considered as the right-side of an open interval Jq. From the arguments of this 
paper, we can see that the Leray-Hopf solution u can be extended smoothly over 
the right-side of Jq. So we get that u is smooth from the left-side of the open 
interval Jq. Since the Lebesgue measure of (0, oo) \ UqJq is zero, we get that for 
all t > 0, the Leray-Hopf solution u{x,t) is smooth. 
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3. L^)-DECOMPOSITION OF W 

In this section we shall prove that w can be decomposed as the sum of a 
L°°(0, oo; [jn e [4, oo]) part and a L°°(0, oo; L'^{R^)) n L'^{0, oo; H\R^)) 

part. 

Let (p G C^(M'^, [0, 1]) be a radial symmetrical function satisfying 

(3.1) v^(0 = i v|e|<i, ^(0 = v|ei>2, e-v^(0<o 

Like the Littlewood-Paley analysis, we define the operators 
Denote 

t) = A_iw{y, t) = ^■"^[v?] * w{y, r), 

(3.2) w{y, r) = «;(?/, r) - w{y, r) = Aow;('i/, r) = - v?] * «;(?/, r), 

^^^(y, t) = J^^^a/I - (f"^] * w{y, t). 

Notice that 

lkWlli2(M3) = ||w(r)|||2(R3) + \\w{T)\\l2(^^3y 

So (12.51) can be written as 

o:r / \^iy^^)\^dy < - \Vw{y,T)\^ - -\w{y,T)\'^dy 
2 ar ./w3 ./iu3 4 



(3.3) 



/ |Vw;(2/,r)p - i|w(y,r)p(iy 

JlR3 4 

— / \w(y,T)\^dy. 



Applying the operator A_i to the first equation of ( 12. 2p . we have 
(3.4) drA^iw = AA.iw - ^^-liv ■ V^x;) - ^^-i^ - A_i((w; ■ V)w) - VA_ig. 
Multiplying (13.41) by A_iw and integrating over M.^ we get 

(3.5) 



[ \A_iw\'^dy = - [ \VA_iw\'^dy-- I \A_iwfdy 
2 ar ./d3 ./ro3 2 



/ A_i{yVw)-A_iwdy- [ A_i{{w ■ V)w) ■ A_,wdy, 

^ JR3 JR3 



where div to = is used to cancel the term including q. 
Because 



/ y ■ 'V\A_iw\'^dy = 2 / yjA^iw ■ djA_iwdy 



2 / ^jipj^[w]-d,{ipj^[w])d^ 
-3 [ ip'\J^[w]\'dy, 
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we have 

/ dj{y,\/\^iw\^}dy = Q. 

So 

9j{^~^[<^] * {Vjw) ■ * w}dy 

'3 

= (-1)/ dj{(fj*w-J^'^[ip]*w}dy+ dj{yj\A_iw\'^}dy 
= 

where ifj{y) = yjj^-^[(p]{y). 
Noting that 

J A_i(?/ ■ Vw) ■ A^iwdy 

3 









3 










and 








we have 




(3.6) 




j A_^{yVw) 


■ A^iwdy 



d 



3 



j = l 3 

3 

\ j i-'^v'mHM^di-l j \A^iw\'dy. 



2 

From (1331)- (EJD, we get 



(3.7) 



\^ I \A_iw\''dy = - [ \VA_^w\''dy+] [ \A_^w\^dy 

Z ar J^3 J^3 4 JiR3 

4/ e-V¥.'(OI-^M(e,r)rrfe- / A^,{{wV)w)-A^^wdy. 

4 Jr3 J^3 
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(3. 



1 

+ 4 



From fl3.3p and (13. 7p . we have 

o:r / \'^iy^^)\'^dy < - \Vw{y,T)\'^ - -\w{y,T)\'^dy 

J^3 4 

^■V^\0\^HiC,r)\^d^+ [ A^,{{wV)w)-A^iwdy 

< -7 / \VW{y,r)\^dy 

4 Jm.3 

e-V^2^0l-^N(e,r)prfe+ / A,,iiwV)w)-A_,wdy 

Jm.3 

where > is used in the last step. 

Let a G (0, |) and define 

^^^)= 1 . 1 

Instead of ip by x, we define the operator 

A-i/ = ^"Mx(em/](0]. 

Applying A_i to (12.21) . as (13.71) we have 

f \A_M'dy 
2 dr Jrs 

= -/" |VA_iU'|2rf|/+^ / \A.iw\^dy 

/ e-Vx'(OI^M(e,r)prfe- / A_i((«;-VH-A_i«;ciy. 
Combining it with (13.81) . we have 
[ \A^iw\^ + \W\''dy 

2 dr 

< / \VW\^dy-a I \A_iw\'^dy 

+ / A_i{{w ■ V)w) ■ A_iw - A_i{{w ■ V)w) ■ A_iwdy 

+] f ^V(^^-x')|-^MI'rfe- / \VA,M'dy+i] + a) [ \A.^w\ 
4 Jm.3 Jr3 4 7r3 

For |(^| < 1, the last term is written as 
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and noting that <^(0 = 1 I'^l ^ 1 well as the definition of x, A < 0. For 
1^1 e [1,2], the last term is written as 



and i? < 0. So we get 
(3.9) 



2 dr .La ' iiy-4/1 ly /I 



3 



+ / A_i((iy ■ V)i(;) ■ A_iiy - A_i((w ■ V)w) ■ A_ii(;rfy. 

Lemma 3.1. (^ij For ani/ m G [4, 00], 

||A_i/|U™(m:^) < C(a)||A_i/|U2(K3), V/ e L2(M3) 

where the constant C{q) < 00 depends only on a. 
(2) For all (3 = (A, /^s, P^) ((3, G N, j = 1, 2, 3) 

\\DfAow{-,T)\\L2^u^) < ||D%(-,r)|U2(K3) 
Proof. From Hausdorff- Young inequality 

II A-l/iU^CIRS) 

< (svr)^/-'! / ii?i^-^^v(o^[/](or)^/^( / ler^^^^-^^c^o^ 

for a G (0, |). So we have (1). 

To prove (2), we only need to consider the case \P\ = J2i<j<3Pj = 0- Since 
< (p < 1 and 1 — = (1 — 99) (1 + </?)> (1 — (f)"^, in this case we have 

/ \Aowiy,T)\'dy= f (1 - piOfm{^,r)\'d^ 
< / {l~ip'{OmwM,r)\'dC= [ \Wiy,T)\'dy. □ 



Now we estimate the last term in the right of (13.91) . We only need to consider 
the integration for the first function in the last term, because for another function 
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the proof is same. Notice that 

J A_i{wjdjw) ■ A^iwdy = — J A_i{wjw) ■ A_i{djw)dy 

= — J A^i{A^iWjA^iw) ■ A^i{djw)dy — J A_i(A_iWj Aq-w) ■ A^idjwdy 

— J A_i{Aow j A-iw) ■ A_i{d jw)dy — J A_i{AoWjAow) ■ A_i{djw)dy. 



Because 

I j A_i(A_i«;jA_iw;) ■ A^i{djw)dy\ 

< ( J |A_i«;|%)V2( J ^^(^)\^^J^[w]i^,r)\'dxY/' 

< C|| A_iw|||2(]K3), (by Lemma [HH] (1) and the definition of A_i) 

and 

I J A_i{A_iWjAQw) ■ A_idjwdy\ 

< ( I \A^^w\'dyY/\ I lAowl'dy)'/' 

< C||A_iw||^2(jj3)||m^||l2(r3) (by Lemma O (l)-(2)) 

as well as 

I J A_i{AoWjAow) ■ A_i{djw)dy\ 

< ||A_i(aj«;)||L^(K3)||Aou;||i2(K3) 

< C||A_iw;||i2(K3)||?U||^2(iR3) (by Lemma O (l)-(2)) 
the last term in the right of (13. 9p can be estimated by 

<^{ll^-l«'lli2{R3) + ||A_1«;||^2(k3)||m^||l2(R3) + ||A_1«;||l2(k3)||w||^2(k3)}. 

So we get 

-— / I A_i«;(2/, r) |2 + |#(y,r)|2rfy + (--«) / \VW{y,T)\''dy 

^dT J^3 4 

(3.10) <-«/ \A_,w{y,T)\^ + \^iy,T)\^dy 

JR3 

+C{[ \A_My,r)\' + \W{y,T)\'dy)'/' 

JR3 

Proposition 3.2. There is S > such that if 

(3.11) / \A_,w{y,0)\'+my,0)\^dy<S 
then for all t > 

(3.12) -^/ \A^,wiy,r)\^+My.r)\''dy<-a[ \A^My.r)\'' + \W{y,T)\^dy. 

JR3 JM3 

9 
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Moreover w{y, r) = w{y, r) + w{y, r), and for all m G [4, oo], 
|pV(r)||L™(M3)<C(/3)5, Vt>0, V/3, 



^^■"^"^^ lim ||w(r)|Lm(R3) = 



sup / |TIJ(2/,r)p(i2/+ / dr / |VIF(?/, t)^^?/ < 
-j^^-j -r>o Jr3 Jo ^/r^ 



lim / \w{y, r)| dy = 



For example, we may take 5 <{^y. Proposition O follows from (131011 and 
Lemma 13.11 Note that 



(3.15) 



\A_My,0)\' + \W{y,0)\'dy= / (;^2(^)^i_^2(^))|_^[^](^^o)|2^^ 



k(l/,0)| rfy = / \uoix)\ dx 



< [ m{m\'d^= [ 



So we have 



Corollary 3.3. There is 5 > such that if ||mo||l2(k3) < 5^^'^, then we have 
(E21-([l^. 



Remark 3.4. Suppose -0 is a function satisfying 

(3.16) ^eC{RMO,l]), ^Vg^(C)GL°°(M='). 

Since ^/^(0^M(^>^) ^ L\R^), we have J^-^V^] * «^ = J^-^[^J^H] e L2(M3) and 

\J^-^[ij]*wiy,T)\''dy{T-t)l 



lj:F~'[^]*w{j^^,-^,T)\'df, 



(3.17) = / I / ^''M (rj. ^..,,, -z)wiz,T)dz\^dfx 

mijrfr^, -z){T- ty/M{T - ty/'z, t)dz\'d^i 

( ^1/2 )^(^' t)dx\^dii(T - t)~^ 
10 
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where r = (— ) ln(T — t). Note that 
(3.18) 

9,{(T-t)=^/^V'((T-t)n)^N(e,t)} 



and 
(3.19) 



dt 
d_ 
di 



i(T-t)^/V((r-t)V2o-^N(e,^)rrfe 

[ fdn\{T-hf'i;{{T-h)'/'Onm,h)fdhd^ 
at Jrs Jo 

-iff dn\{T-hfl'^{{T-hfl'i)TmM'didh 

Jo JRS 

Jm3 

2 / {(-)|(T - t)^/V((r - ty/'onm, t)-iT- ti ■ i^'{{T - tfi-'OTm, t) 
jm? ^ ^ 

+{T - t)3/v((T - ty/'owumt)} ■ (T - tf"^{{T - tfi'oWu.m 



where noting that T[u]{i,t), dtT[u]{^,t) G L'^{W^) ior t < T and ip satisfies 
(3.16), we have 



mT-tf'i;{{T-tY/'onu]{u)m<<^ 



and Fubini theorem can be used. 

11 
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From (l3Tri) - fl3A9|) . we get 
(3.20) 



{T-tfl'^ l \:F-'[i.]*w{y,r)-l{T-tf^ [ \T 



w{y,T)\ dy 



It 



{(T-tp / \r-\^lj]*w{y,r)\'dy} 
= 2(T-t)^/2 / {(-)|^mH(e,r)-f ^'(0-^M(e,r)}-V'(0^(e,rK 

= (-3)(T-tp / \J^-'[ij]*w{y,T)\'dy 



2 

* w{y,T)}dy 



So we have 



2 / ^[?/;] * {a^w + ^ ■ Vyw}{y, t) ■ T ^[i/j]* w{y, T)dy 
(3.21) =-^/ \:F~\^]*w{y,T)\''dy-l f \:F~\ij] * w{y,r)\''dy 

+ ^ / (e-Ve^^(0)|^M(e,r)rde 

JR3 



Note that and x satisfy (3.16), and we can use (3.21) to obtain (3.7) for ip 
and X again. Furthermore, notice that 1 — (/? satisfies (3.16) and ||9iVa;^/(t) ||l2(]{|3) 
is bounded for t < T, we can prove the same equation as (3.21) for (1 — ip) and 
VyW instead of ijj and w, which can be used to obtain (4.4) of section 4 from (4.1) 
too. 
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4. L°°-ESTIMATE OF W 

Applying the operator Aq (see f l3.2p ) to fl2.6l) . and integrating over we have 



--^ / \AoVw\'^dy 



[ iV'Aowl^dy- [ |AoVw;|2dy 



3 

— 2_. / ^o{{djW ■ V)w) ■ AodjW + Ao{{w ■ V)djw) ■ Aodjwdy. 

Since the support set of 1 — is not compact, we can not do the same thing as in 
(13. 6p for the 3rd term in the right side of (14. 11) . But with more patient, by using 
Ao/ = / - A_i/, we have 



Ao{{y ■ V)djw) ■ Aodjwdy 

(4.2) = j{{y- V)djw) ■ djwdy ~ J iiv ' ^Wjw) ■ A.^djwdy 

- J A_i((?/ ■ V)djw) ■ djwdy + j A_i((y ■ W)djw) ■ A^i{d,w)dy. 
As in (12. 4p . we have 

j {{y ■ V)djw) ■ djwdy ^ j \djw\'^dy. 
On the other hand, as in (13. 6p we have 

I A^^{{y.V)^,w)■A^,{^,w)dy=^ j ^ .V^'mdjwfd^ j ^'mdMl'dt 
The remainder in the right of (14. 2 p is 



2 J ^dki^kJ'ldjw]) ■ J^[djw]d^ 

= - j 2{i-v^)\:F\dM? + ^i-'^\HdM?di 
= - j{^-Vv)\r[dM?d^ + ?> j ^\ndM?d^. 

Then the right of (14.21) is larger than 

~ j \dM'dy-\ j v'\ndM?d^ + \ j i-Vv'\r[dM?d^ 

(4.3) _|(^. V^)|^[a,Hr^^e + 3 j ^\T[dM?di 

= \j i-^{^-mf\ndM?di-\ j \^A^?dy. 
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Since from (13.11) 



Instead of the 3rd term in the right side of ( I4.ip by ( I4.2p - (l4.3p . we get 
1 d 

(4.4) 



/ \AoVw\^dy<- [ \V'Aow\^dy-] [ \AoVw\^dy 
Y] / Ao{{djW ■ V)w) ■ AodjW + Ao{{w ■ V)djw) ■ Aodjwdy. 



Decompose the last integration of the right side of (14. 4p hj w = w + w and 
note that 

iiw-V)d,w)-d,wdy\ < \\V^w\\l2^^3){ [ \w\^\Vw\^dyy/^ 



2- 



and 



{iw-V)djw) ■ djwdy\ < ||w||loo(ir3) || V w\\l2(r3)\\Vw\\l2(]r3), 
{iw-V)djw) ■ djwdy\ < C||«;||i.x.(R3)||M;||i2(]R3)|| Vw||l2(r3), 

{{w-V)d,w)-d,wdy\ <C{[ \w\'dyy/^Vw\\L2^^s) 



as well as the same estimates for another one. Then by Proposition 13.21 we have 
\Vw{y,T)\^dy<-- \V^w{y,T)\^dy-- \Vw{y,T)\^dy 



(4.5) 2rfT V V- - - 2 

+C\\VwiT)U2iR3){C6 - ||VlF(r)|U2(K3) + C||ViZJ(r)||i2(j,3)} 
Note that (see Remark 14. 4p there is 5i > such that if for some tq > 

(4.6) l|V«;(ro)lU2(M3) <5i 
then 

l|Vw(r)||i2(iR3) < 5i, Vr > tq. 
From (13.141) . (14.61) can be satisfied provided that (13. lip is satisfied. So we have 

Lemma 4.1. Suppose l{3.11\) is satisfied. Then there is 6i > (6i I as 6 I 0) 
and To > such that 

||Vly(T)||i2(R3) < 5i, Vr > To. 



Estimate the last term in the right side of (12.70 by using w = w + w, and note 
that 

I J djWi^djWidiw^dyl < \\Vw\\l'^(^^3) j \S/w\'^dy 

< CS f \Vw\'^dy, 
A 



and 



Blow up rate for Navier-Stokes equations 

< C5{ j \Vw\^dyf'\ 

I j djW^djWidiWkdy] < || Vw||loo(k3) j \Vw\'^dy 

< CS j \Vw\^dy, 



as well as 



J djWkdjWidiWkdy] < C\\Vw\\^^(^^s)\\^'^w 



2— II 3/2 

L2(R3) 



So we have 

(4.7) -^/ \Vw{y,T)\'dy<- [ \vMy.r)?dy-\! \Vw{y,T)\^dy + C5,. 

Lemma 4.2. Suppose liS.ll]) is satisfied. Then there is 6i > (Si I as S I 0) 

and To > such that for all r > tq, 

(4.8) / |VM;(2/,r)|2(iy < e-5(— o) f |V«;(y, ro)^^?/ + 2C5i(l - e-^^^-^o)). 

Considering fl2.8p . and noting that div Aw = implies 

j (Aw) ■ {{w ■ \/)Aw)dy = 0, 

the last term in the right side of (12.81) can be written as the sum of the following 
terms 

J \V'^w\'^\Vw\dy. 

Since it can be estimated by 

|V«;|2rfy)V2( f |v2u;|^d?/)i/2 



<C{j \Vw\^dyY/\ j \Aw\^dyf\ j \VAw\^dyf/^ 
by (12.81) and Lemma [4.21 we have 

Lemma 4.3. Suppose /13.11\) is satisfied. Then there is Si > (Si I as S I 0) 

and tq > such that for all r > tq, 

[ |A«;(y,r)|^dy<e-(t-^^^)(---») / \Aw{y,ro)\'dy 

From Lemma 14.1114.31 and Corollary 13. 3[ we proved the Theorem 11.11 
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Remark 4.4. Suppose a nonnegative continuous function /i(r) satisfies 

-^Ht) < F{h{T)) := C5 - Bh{T) + h^r), Vr > 0, 
dr 

where C, B and S are positive constants. If S is small enough so that 

1 



h_ := -{B - VB^ - AC6) G (0, 1), 

and if h{0) < then for all r > 0, F(/i(r)) < C(5 - 5/i(T) + /^^(t) and 

h{T) e [0,/i_]. 
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